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UNRAMIFIED REPRESENTATIONS OF REDUCTIVE GROUPS
OVER FINITE RINGS
ALEXANDER STASINSKI
Abstrat. Lusztig has given a onstrution of ertain representations of re-
dutive groups over nite loal prinipal ideal rings of harateristi p, extend-
ing the onstrution of Deligne and Lusztig of representations of redutive
groups over nite elds. We generalize Lusztig's results to redutive groups
over arbitrary nite loal rings. This generalization uses the Greenberg funtor
and the theory of group shemes over Artinian loal rings.
Introdution
In [12℄ Lusztig gave a onstrution of ertain representations of a redutive group
over a nite ring oming from the ring of integers in a loal eld of harateristi
p > 0, modulo some power of its maximal ideal. Suh rings an equivalently be
haraterized as nite loal prinipal ideal rings of harateristi p. The onstru-
tion, whih is ohomologial in nature and is a generalization of the onstrution of
Deligne and Lusztig [2℄, attahes irreduible representations to ertain haraters of
maximal tori. It was stated in [12℄ that the restrition on the ring is not essential,
and that a similar method applies in the ase when the ring is a nite quotient of
the ring of integers of an arbitrary non-arhimedean loal eld. Thus the rst nat-
ural problem is to realize the onstrution for arbitrary nite loal prinipal ideal
rings. Unlike the harateristi p ase, it turns out that for arbitrary rings of this
type it is no longer possible to stay in the realm of algebrai groups over elds, and
instead the proper setting is that of group shemes over Artinian loal rings, and
the theory of the Greenberg funtor. Now this general setting makes it lear that
the onstrution does not have to be restrited to prinipal ideal rings, but an in
fat be arried out uniformly for redutive groups over arbitrary nite loal rings.
Sine any nite (ommutative) ring R an be deomposed as a diret sum of nite
loal rings R ∼=
⊕
iRi, it follows that if G is an ane group sheme over R, then
the group of points G(R) an be written as a diret sum G(R) ∼=
⊕
iG(Ri). In the
study of representations of G(R) it is therefore enough to onsider representations
of the points of G over nite loal rings.
In this paper we generalize Lusztig's onstrution to redutive group shemes
over arbitrary nite loal rings. In partiular, we thus go beyond the original
oneption of rings of integers in loal elds. The representations we onstrut
depend in a sense only on the struture of the redutive group sheme over the
residue eld of the loal ring, and are essentially independent of the arithmeti of
the ring in question. This is a reason why we all these unramied representations.
As Lusztig remarks in [12℄, it seems likely that the representations we onstrut (in
the prinipal ideal ring ase with r ≥ 2 andG split) oinide with those onstruted
by Gérardin [5℄ by a non-ohomologial method. The latter are losely related to
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unramied maximal tori and the unramied disrete series representations of p-
adi groups, and is another reason for our hoie of terminology. There is also some
overlap with the representations onstruted by Hill [8, 9℄ in the ase G = GLn,
again by a non-ohomologial method.
After we have set up the framework of group shemes over loal Artinian rings
and their assoiated algebrai groups, and proved several auxiliary results, the
proofs of the main theorems follow losely those of Lusztig. We shall therefore give
here a detailed omparison between the present paper and the ontents of [12℄.
The rst setion sets up some basi notation, introdues redutive group shemes
over Artinian loal rings with residue eld Fq, the Greenberg funtor, and the
orresponding algebrai groups. For the theory of group shemes we shall frequently
refer to SGA 3 [13℄, whih seems to be the only omplete referene overing what
we need. We sometimes also refer to Demazure's thesis [3℄, whih is a onvenient
summary of many of the results we need from SGA 3. For denitions and results
onerning the Greenberg funtor, we refer to the original papers of Greenberg
[6, 7℄. In [12℄, group shemes ould be bypassed altogether beause the base ring
Fq[[ε]]/(εr) is an Fq-algebra, and so one an start with an ane algebrai group G1
over Fq, and onsider the group of pointsG = G1(Fq[[ε]]/(εr)). By using elementary
onsiderations rather than the general formalism of the Greenberg funtor, one an
then show that G arries a struture of ane algebrai group over Fq. Moreover,
there is a natural inlusion G1 ⊆ G, so the whole subgroup struture of G1 an be
easily transferred to G. In the general situation onsidered in the present paper, we
are fored instead to start with a redutive group sheme G over an Artinian loal
ring A with residue eld Fq, and work diretly with the struture of G. Throughout
the paper, we shall x the ring A, write m for its maximal ideal, and denote by
r the smallest positive integer suh that mr = 0. We then simply write G for the
algebrai group assoiated to G(A). One reason why this approah is possible is
that the theory of ane smooth group shemes over stritly Henselian loal rings
in many ways resembles the lassial theory of algebrai groups over algebraially
losed elds.
In the seond setion, Lemmas 2.4, 2.5, 2.6, and 2.10 are due to Lusztig, although
of ourse stated here in our wider generality. In order to larify some steps of the
proof of Lemma 2.5, we have given a proof using the new Lemma 2.3. Several
results in [12℄ were stated under the hypothesis r ≥ 2, and sine the results were
already known for r = 1, this is no loss of generality. Nevertheless, we have removed
this hypothesis in order to emphasize that the proofs in fat work uniformly for all
r ≥ 1, exept for the proof of Theorem 3.1 where one has to separate the ase
r = 1 (where regularity of haraters is not required), from the ase r ≥ 2 (where
regularity is used, and the proof beomes longer). This also aets Prop. 3.3 and
Coroll. 3.4, whih we have stated in a form that inludes the ase r = 1.
The proofs of Lemmas 2.2, 2.3, 2.8 and 2.9 are new, although the results have
to some degree been known earlier either impliitly in unpublished form or in var-
ious speial ases. In partiular, Lemma 2.2 provides a ommutator relation and
Iwahori deomposition for (ertain) group shemes over loal rings. These results
are well-known for ertain lasses of groups and rings, but our results hold quite
generally and are proved by arguments whih are more geometri than the lassial
group theoreti approahes. Lemmas 2.8 and 2.9 were stated in [12℄ without proof,
and sine our proofs are not obvious, we have inluded them here. The proof of
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Lemma 2.9() is espeially long, and is an example of the extra ompliations that
appear in our general setting ompared to the ase of rings of harateristi p, where
the proof an be redued to the ase of SL2.
In the nal setion, we have olleted all the main results, inluding our version
of Lusztig's Lemma 1.9 whih we have here given the status of Theorem sine its
proof is the longest and most diult in the whole paper and its onsequenes
inlude the most important results. The ideas of the proofs in this setion are due
to Lusztig, and our presentation follows [12℄, exept with regards to the use of the
elements wˆ (see below). We have also added some referenes to various results used
in the proofs, and some larifying remarks. We have inluded these reworkings of
Lusztig's proofs in order to get a omplete and oherent exposition, and we believe
this to be a more satisfying solution (both logially and from the reader's point
of view) than if we had simply stated the generalized main results and referred to
proofs appearing in a more speial ontext.
If T and T
′
are two maximal tori in G, we shall denote the orresponding losed
subgroups of G by T and T ′, respetively. Reduing modulo m we also get the
maximal tori T1 and T
′
1 in G1. A remark appliable to both of the last two setions,
is that unlike the ase where the ring A has harateristi p, in general we annot
diretly transfer elements of the transporter N(T1, T
′
1) = {n ∈ G1 | n
−1T1n = T
′
1}
to elements of N(T, T ′) = {n ∈ G | n−1Tn = T ′}. Instead we use results from
SGA 3 showing that the transporter (or normalizer) group shemes of maximal tori
are smooth, and from this we onlude that the natural map N(T, T ′)→ N(T1, T1)
is surjetive. For any element w˙ ∈ N(T1, T ′1) we an thus work with a lift wˆ ∈
N(T, T ′) under this map. It turns out that the ambiguity in the hoie of lifts does
not aet the results, and this provides a sense in whih the results only depend on
strutures over the residue eld.
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1. Notation
Throughout this paper a ring will always refer to a (unital, assoiative) om-
mutative ring. Let A be an Artinian loal ring with maximal ideal m and perfet
residue eld k. Let r denote the smallest positive integer suh that mr = 0. Let X
be a sheme of nite type over A (as usual, we shall speak of a sheme over the ring
A rather than over the sheme SpecA). Greenberg [6, 7℄ has dened a funtor FA
from the ategory of shemes of nite type over A to the ategory of shemes of -
nite type over k, suh that there exists a anonial isomorphismX(A) ∼= (FAX)(k).
It is shown in lo. it. that the funtor FA preserves ane and separated shemes,
respetively. Furthermore, it maps group shemes over A to group shemes over k,
shemes smooth over A to shemes smooth over k, and preserves subshemes (of
any kind). If X is smooth over A and X×A k is redued and irreduible, then FAX
is redued and irreduible ([7℄, 2, Coroll. 2).
Suppose that G is an ane smooth group sheme over A. Thus it is in partiular
of nite type over A. We take the residue eld k to be an algebrai losure Fq of
the nite eld Fq of harateristi p. For any integer r
′
suh that r ≥ r′ ≥ 0 we
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dene
Gr′ = FA(G×A A/m
r′)(k).
Note that for r′ = 0 the ring A/mr
′
is the trivial ring {0 = 1}, and so G0 onsists
of exatly one point. In partiular, for r′ = r we write G for the group Gr =
(FAG)(k) ∼= G(A). In general, we shall write group shemes over A in boldfae
type, and the orresponding algebrai group over k using the same letter in normal
type. By the results of Greenberg, eah group Gr′ is the k-points of an ane
smooth group sheme over k. It is thus an ane algebrai group over k, onneted
if G×k is. Sine G is smooth it follows that the redution map A→ A/mr
′
indues
a surjetive homomorphism ϕr,r′ = ϕr′ : G→ Gr′ . The kernel of ϕr′ is denoted by
Gr
′
. We have
{1} = Gr ⊆ Gr−1 ⊆ · · · ⊆ G1 ⊆ G0 = G.
Let Gr
′,∗ = Gr
′
−Gr
′+1
, for r′ < r. We thus have a partition
G = G0,∗ ⊔G1,∗ ⊔ · · · ⊔Gr−1,∗ ⊔ {1}.
From now on, let G be a redutive group sheme over A (f. [3℄, 2.1 or [13℄, XIX
2.7). This means thatG is an ane smooth group sheme over A, suh that its bre
G× k is a onneted redutive group in the lassial sense. We shall be interested
in the situation where G is endowed with a Frobenius endomorphism F : G → G,
whih in the most general sense is just an endomorphism with nite xed point
group GF .
Remark. We show how a situation as above typially arises. Let A0 be an arbitrary
nite loal ring. Then A0 is obviously Artinian with residue eld Fq, for some q.
Let G0 be a redutive group sheme over A0. Then by results of Greenberg, A0 is
an algebra over the ring of Witt vetors Wn(Fq), where charA0 = pn+1. Let
A = A0 ⊗Wn(Fq) Wn(Fq).
Then by [6℄, 1, Prop. 4, A is a loal Artinian ring with residue eld Fq. The
algebra A arries an endomorphism F indued by the Frobenius map of Wn(Fq).
If we now let G = G0 ×A0 A, then G inherits a Frobenius endomorphism from
the endomorphism F on G(A) suh that GF ∼= G(A)F . Note however that not all
Frobenius endomorphisms of G are of this form; there are also those that give rise
to twisted groups.
Assume heneforth thatG is an algebrai group over Fq obtained from a redutive
group sheme G as above, and provided with a Frobenius endomorphism F : G→
G. Maximal tori and Borel subgroups exist (resp. are onjugate) in G loally for
the étale topology, that is, after a possible étale extension of salars (see [3℄, 1.5,
3.3 and [13℄, XXII 5.2.1-5.2.3, for these notions and fats). Sine our base is a loal
ring with algebraially losed residue eld (i.e., stritly Henselian), maximal tori
exist in G, and any maximal torus of G is ontained in a Borel subgroup G. If
T is a maximal torus ontained in a Borel subgroup B of G, we have a semidiret
produt B = TU, where U is the unipotent radial of B (f. [13℄, XXII 5.11.4).
We then have the respetive assoiated algebrai subgroups T,B, U of G, and a
semidiret produt B = TU . Note that for r ≥ 2, T will not be a maximal torus of
G in the sense of algebrai groups; nor will B be a Borel subgroup of G.
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Throughout this paper we x a prime l 6= p. If X is an algebrai variety over
Fq we write Hjc (X) instead of H
j
c (X,Ql). For a nite group Γ, we write Γ̂ for the
group of linear haraters Hom(Γ,Ql
×).
2. Lemmas
Let T be a maximal torus of G, and let Φ = Φ(G,T) be the set of roots of G,
relative to T (f. [13℄, XIX 3.6). Thus Φ onsists of elements in HomA-gr(T, (Gm)A)
whose image in Homk-gr(T × k, (Gm)k) is a root in the usual sense. We write
the groups of haraters additively, and denote by Uα the root subgroup of G
orresponding to the root α.
We shall onsider the notion of splitting (déploiement) of a redutive group G
with respet to a maximal torus T (f. [13℄, XXII 1.13, or [3℄, 3.1), and we all G
split (déployé) with respet to T, if suh a splitting exists. A torus over a general
base S alled trivial if it is diagonalizable, that is, if it is isomorphi to some (Gnm)S.
Lemma 2.1. A redutive group G over a stritly Henselian ring A is split with
respet to any of its maximal tori.
Proof. Over a stritly Henselian base A, any property that holds loally for the
étale topology holds already over A. A maximal torus of G is trivial loally for
the étale topology ([3℄ 1.4.5), and is thus trivial over A. Sine A is loal, the result
follows from [13℄, XXII 2.2. 
The existene of splitting implies that the root data of G relative to T is anon-
ially isomorphi to the root data of G×k relative to T×k (f. [13℄ XXII 1.15 b)).
In partiular, the map HomA-gr(T, (Gm)A)→ Homk-gr(T×k, (Gm)k) is a bijetion
on the roots. As for algebrai groups over elds, a hoie of Borel subgroup B of G
ontaining T denes a set of positive roots Φ+, and the splitting of G with respet
to T implies that for some xed but arbitrary ordering of Φ+ we have
U =
∏
α∈Φ+
Uα
(see [3℄, 3.3.3). On the level of groups of points this yields U =
∏
α∈Φ+ Uα, where
an element of U is expressed uniquely as a produt of elements of the Uα.
From now on, let T and T
′
be two maximal tori ofG suh that the orresponding
subgroups T and T ′ of G are F -stable. Let U (resp. U′) be the unipotent radial
of a Borel subgroup of G that ontains T (resp. T
′
), and let U and U ′ be the
orresponding subgroups of G. Note that U and U ′ are not neessarily F -stable.
Let N(T1, T
′
1) = {g ∈ G1 | g
−1T1g = T
′
1}. Then T1 ats on N(T1, T
′
1) by left
multipliation and T ′1 ats on N(T1, T
′
1) by right multipliation. The orbits of T1
are in natural bijetion with the orbits of T ′1. We set W (T1, T
′
1) = T1\N(T1, T
′
1)
∼=
N(T1, T
′
1)/T
′
1; this is a nite set beause if a ∈ G1 is an element suh that
aT1 = T
′
1,
then g 7→ ga gives a bijetion between N(T1, T ′1) and the normalizer NG1(T1) =
N(T1, T1), and this indues a bijetion between W (T1, T
′
1) and the Weyl group
W (T1) = W (T1, T1). For eah w ∈ W (T1, T ′1) we hoose a representative w˙ ∈
N(T1, T
′
1). Sine the normalizer NG(T) is smooth over A (f. [3℄, 1.5.1), the map
ϕ1 indues a surjetion
NG(T)(A) −→ NG(T)(k).
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By the denition of the normalizer group sheme and the fat that k is algebraially
losed, we have NG(T)(A) ⊆ NG(A)(T(A)) and NG(T)(k) = NG(k)(T(k)) (f. [10℄,
I 2.6). Thus ϕ1 also indues a surjetion
NG(T ) ∼= NG(A)(T(A)) −→ NG(k)(T(k)) = NG1(T1).
Let N(T, T ′) = {g ∈ G | g−1Tg = T ′}. It follows from the onjugay of maximal
tori ([3℄, 1.5.3) that T and T ′ are onjugate in G by an element whose image in G1
onjugates T1 to T
′
1. Thus we have in the same way as above, a bijetion between
N(T, T ′) andNG(T ), and hene a surjetionN(T, T
′)→ N(T1, T ′1) (this also follows
from the smoothness of transporters [13℄, XXII 5.3.9). For eah w˙ ∈ N(T1, T ′1) we
an therefore hoose a lift wˆ ∈ N(T, T ′), and throughout this paper we shall work
with a xed set of lifts wˆ. As we shall see, the main results are independent of the
hoie of these lifts.
Dene the variety
Σ = {(x, x′, y) ∈ F (U)× F (U ′)×G | xF (y) = yx′}.
The Bruhat deomposition in G1 implies that there is a bijetion between double
B1-B1 osets indexed by W (T1, T
′
1), and double B1-B1 osets indexed by W (T1).
Indeed, if w ∈ W (T1, T
′
1) and if a ∈ G1 is suh that
aT1 = T
′
1, then the map
B1wB1 7→ B1waB1 is injetive sine if B1w′B1 has the same image as B1wB1,
then B1waB1 = B1w
′aB1, so by Bruhat deomposition, w˙a and w˙
′a have the same
image in W (T1), that is, w˙ and w˙
′
have the same image in W (T1, T
′
1). We thus
have G1 =
⊔
w∈W (T1,T ′1)
G1,w, where G1,w = U1T1w˙U
′
1 = U1w˙T
′
1U
′
1. Let Gw be the
inverse image of G1,w under ϕ1 : G→ G1 and let
Σw = {(x, x
′, y) ∈ Σ | y ∈ Gw}.
This denes a partition of Σ. The group TF ×T ′F ats on Σ by (t, t′) : (x, x′, y) 7→
(txt−1, t′x′t′−1, tyt′−1). This restrits to an ation of TF × T ′F on Σw for any
w ∈ W (T1, T
′
1).
If θ ∈ T̂F , θ′ ∈ T̂ ′F , and M is a TF × T ′F -module, we shall write Mθ−1,θ for the
subspae of M on whih TF × T ′F ats aording to θ−1 ⊠ θ′, that is,
Mθ−1,θ′ = {m ∈M | (t, t
′)m = θ−1(t)θ′(t′)m, ∀ (t, t′) ∈ TF × T ′F}.
Lemma 2.2. Let G be an ane group sheme over a loal ring A with maximal
ideal m. For i ≥ 0, write G = G(A), Gi = G(A/mi), and Gi = Ker(G → Gi).
Then the following holds:
(a) For any integers i, j ≥ 0 we have the ommutator relation [Gi, Gj ] ⊆ Gi+j .
(b) (Iwahori deomposition) Assume in addition that G is redutive and split
over A, with respet to a maximal torus T. Let T be ontained in a Borel
subgroup with unipotent radial U, and let U
−
be the unipotent radial of
a Borel subgroup of G ontaining T, suh that U ∩U− = {1}. Let T , U ,
U− be the respetive groups of A-points, and let T 1, U1 and (U−)1 be the
respetive kernels. Then we have
G1 = (U−)1T 1U1,
and eah element g ∈ G1 deomposes uniquely as g = u−tu, where u− ∈
(U−)1, t ∈ T 1, and u ∈ U1.
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Proof. We prove (a) using a Hopf algebra approah. Let A[G] be the ane algebra
ofG; thusA[G] is a ommutative Hopf algebra overA. Let∆ : A[G]→ A[G]⊗A[G]
and ε : A[G] → A denote its oprodut and ounit, respetively. Let I = Ker ε be
the augmentation ideal. If α : A→ R is an A-algebra, then the identity element of
the group G(R) = Hom(A[G], R) is given by α ◦ ε. For any i ≥ 0, the redution
map ϕi : G = Hom(A[G], A)→ Hom(A[G], A/mi) = Gi sends any g ∈ G to ϕi ◦ g.
Now let g ∈ Gi and h ∈ Gj , for some integers i, j ≥ 0. Then
ϕi ◦ g = ϕi ◦ ε, and ϕj ◦ g = ϕj ◦ ε,
respetively (reall that ϕi denotes both the map G → Gi and map A → A/mi).
Thus ϕi(g(I)) = 0, that is, g(I) ⊆ m
i
. Similarly, we have h(I) ⊆ mj . Sine
a 7→ a · 1 : A → A[G] is a setion of ε, we have A[G] = A · 1 ⊕ I, as A-modules.
This implies that A[G] ⊗ A[G] = A(1 ⊗ 1) ⊕ (A ⊗ I) ⊕ (I ⊗ A) ⊕ (I ⊗ I). Let
x ∈ I, and write ∆(x) = a1(1 ⊗ 1) + a2 ⊗ y1 + y2 ⊗ a3 + y3 ⊗ y4, where ak ∈ A,
yk ∈ I. The Hopf algebra axiom (ε ◦ id) ◦ ∆ = id = (id ◦ ε) ◦ ∆, implies that
a1+ a2y1 = a1+ y2a3 = x ∈ I, and so a1 ∈ I, that is, a1 = 0, and x = a2y1 = y2a3.
Hene ∆(x) ∈ a2 ⊗ y1 + y2 ⊗ a3 + I ⊗ I = 1 ⊗ a2y1 + y2a3 ⊗ 1 + I ⊗ I, and so we
have
∆(x) ∈ x⊗ 1 + 1⊗ x+ I ⊗ I, for all x ∈ I.
The produt gh ∈ G is given by the element (g ⊗ h) ◦∆ ∈ Hom(A[G], A). Hene
gh(x) ∈ g(x) + h(x) + g(I)h(I) ⊆ g(x) + h(x) +mi+j , for all x ∈ I,
and so (ϕi+j ◦ (gh − g − h))(I) = 0. Thus the map ϕi+j ◦ (gh − g − h) fators
through ε, and sine ϕi+j is the unique A-algebra map A→ A/m
i+j
, we must have
ϕi+j ◦ (gh− g − h) = ϕi+j ◦ ε. This means exatly that the element gh− g − h ∈
Hom(A[G], A) lies in the kernel Gi+j . We thus see that gh = g + h = h+ g = hg,
modulo Gi+j , and the result follows.
We now prove (b). Let W be the group generated by simple reetions or-
responding to the root system of G relative to T (f. [13℄, XXI 1.1.8). By [13℄
XXII 3.3 resp. 3.8 we have a natural inlusion W ⊆ NG(T)(A)/T(A) resp. sur-
jetion NG(T)(A) → (NG(T)/T)(A). For any w ∈ W we an thus hoose a lift
nw ∈ NG(T)(A). Sine A is loal, we have
G =
⋃
w∈W
nwU
−TU,
(f. [13℄, XXII 5.7.4 (ii) and also 5.7.5 (ii)). In partiular, we may take n1 = 1 as a
representative for the trivial element 1 ∈ W .
Now, if ϕ1(nwu
−tu) = 1, for some w ∈ W , u− ∈ U−, t ∈ T , u ∈ U , then
B1ϕ1(nw)U
−
1 ⊆ B1U
−
1 , and the Bruhat deomposition in G1 with respet to the
Borel subgroups B1 and B
−
1 implies that ϕ1(nw) ∈ T1. Hene ϕ1(u
−) = ϕ1(nwt) =
ϕ1(u) = 1. Let k be the residue eld of A. The morphism NG(T) → NG(T)/T
yields a ommutative diagram
NG(T)(A) −−−−→ (NG(T)/T)(A)
ϕ1
y yϕ1
NG(T)(k) −−−−→ (NG(T)/T)(k).
Sine G is split redutive, its root datum is anonially isomorphi to the root
datum of G × k ([13℄, XXII 1.15 b)), and hene the map ϕ1 : (NG(T)/T)(A) →
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(NG(T)/T)(k) restrits to an isomorphism between W and the Weyl group of the
root datum of G × k onsidered as a subgroup of (NG(T)/T)(k). The image of
ϕ1(nw) ∈ T1 ⊆ NG(T)(k) in (NG(T)/T)(k) is trivial, and by the ommutativity
of the above diagram, the image of nw in W ⊆ NG(T)(A)/T(A) is thus the trivial
element. It follows from our hoie of representatives that nw = n1 = 1, whene
G1 = (U−)1T 1U1. Uniqueness follows immediately, sine if u−tu = u−1 t1u1, then
(u−)−1u−1 ∈ U
− ∩B = {1}, and similarly, t−1t1 = u−1u1 = 1. 
Remark. For basi fats about Hopf algebras we have followed [10℄, 2.4. In the
present paper we apply Iwahori deomposition only in the ase of a redutive group
sheme over a stritly Henselian base, and suh groups are split by Lemma 2.1.
We return to our situation whereG is a redutive group sheme over the Artinian
loal ring A, with nite residue eld k. Using the isomorphism G = (FAG)(k) ∼=
G(A) together with Lemma 2.2 we get orresponding ommutator relations and
Iwahori deomposition in G.
We now prove a result whih is a form of Bruhat deomposition for G, and is
both a strengthened and a generalized form of a result of Hill (f. [8℄, 2.6). Let U
−
(resp. U
′−
) be the unipotent radial of a Borel subgroup of G ontaining T (resp.
T
′
) suh that U ∩U− = {1} (resp. U′ ∩U′− = {1}). Let U− = (FAU−)(k) and
U ′− = (FAU′−)(k) be the orresponding subgroups of G.
Lemma 2.3. Let U,U ′, U−, U ′− be as above. Then G deomposes as
G =
⊔
w∈W (T1,T ′1)
(U ∩ wˆU ′−wˆ−1)wˆT ′((U ′−)1 ∩ wˆ−1U−wˆ)U ′,
and every element g ∈ G an be written uniquely in the form g = uwˆt′ku′, where
u ∈ U ∩ wˆU ′−wˆ−1, t′ ∈ T ′, k ∈ (U ′−)1 ∩ wˆ−1U−wˆ, and u′ ∈ U ′.
Proof. In the ase r = 1 the result is a well-known onsequene of Bruhat's lemma.
Using the surjetion ϕr we lift the deomposition to G, and so we may write
G =
⊔
w∈W (T1,T ′1)
(U ∩ wˆU ′−wˆ−1)wˆG1T ′U ′.
Now, by Iwahori deomposition we have G1 = (U ′−)1T 1(U ′)1, so
(U ∩ wˆU ′−wˆ−1)wˆG1T ′U ′ = (U ∩ wˆU ′−wˆ−1)wˆ(U ′−)1T ′U ′.
The formula U =
∏
α∈Φ+ Uα implies that we may write
(U ′−)1 = ((U ′−)1 ∩ wˆ−1Uwˆ)((U ′−)1 ∩ wˆ−1U−wˆ),
and sine wˆ((U ′−)1 ∩ wˆ−1Uwˆ)wˆ−1 ∈ (U ∩ wˆU ′−wˆ−1), we have
G =
⊔
w∈W (T1,T ′1)
(U ∩ wˆU ′−wˆ−1)wˆ((U ′−)1 ∩ wˆ−1U−wˆ)T ′U ′.
Sine T ′ normalizes (U ′−)1 ∩ wˆ−1U−wˆ, we get the desired deomposition. Now
let uwˆt′ku′ = u1wˆt
′
1k1u
′
1, for u, u1 ∈ U ∩ wˆU
′−wˆ−1, t′, t′1 ∈ T
′
, k, k1 ∈ (U ′−)1 ∩
wˆ−1U−wˆ, and u′, u′1 ∈ U
′
. Then u′u′−11 = (uwˆt
′k)−1u1wˆt
′
1k1, and sine u
′u′−11 ∈ U
′
and (uwˆt′k)−1u1wˆt
′
1k1 ∈ T
′U ′− we must have u′ = u′1 and uwˆt
′k = u1wˆt
′
1k1, or
equivalently t′kk−11 t
′−1
1 = wˆ
−1u−1u1wˆ. Sine t
′kk−11 t
′−1
1 ∈ T
′wˆ−1U−wˆ = wˆ−1TU−wˆ
and wˆ−1u−1u1wˆ ∈ wˆ−1Uwˆ, we onlude that t′k = t′1k1 and u = u1. Thus also
t′ = t′1 and k = k1, and the lemma is proved. 
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If T is a ommutative algebrai group over Fq with xed Fq-struture and with
Frobenius map F : T → T , then for any integer n ≥ 1 we have a norm map
NF
n
F : T
Fn −→ T F , t 7−→ tF (t)F 2(t) · · ·Fn−1(t).
Lemma 2.4. Let T and T ′ be two ommutative onneted algebrai groups over Fq
with xed Fq-rational strutures with Frobenius maps F : T → T , and F : T ′ → T ′.
Let f : T →˜ T ′ be an isomorphism of algebrai groups over Fq. Let n ≥ 1 be suh
that Fnf = fFn : T → T ′; thus f : T F
n
→˜T ′F
n
. Let
H = {(t, t′) ∈ T × T ′ | f(F (t)−1t) = F (t′)−1t′},
(a subgroup of T × T ′ ontaining T F × T ′F ). Let θ ∈ T̂ F and θ′ ∈ T̂ ′F be suh
that θ−1 ⊠ θ′ is trivial on (T F × T ′F ) ∩H0. Then θNF
n
F = θ
′NF
n
F f ∈ T̂
Fn
.
Proof. See [12℄, 1.1. 
From now on, let T = T r−1 and T ′ = T ′r−1. Note that in the ase r = 1 we
have T = T and T ′ = T ′.
Lemma 2.5. Let w ∈ W (T1, T ′1), and let θ ∈ T̂
F
, θ′ ∈ T̂ ′F . Assume that
Hjc (Σw)θ−1,θ′ 6= 0 for some j ∈ Z. Let g = F (wˆ)
−1
and let n ≥ 1 be suh that
g ∈ GF
n
. Then Ad(g) (onjugation by g) arries T F
n
onto T
′Fn
and θ|T F ◦N
Fn
F ∈
T̂ Fn to θ′|T ′F ◦N
Fn
F ∈ T̂
′Fn
.
Proof. Put Uwˆ = U ∩ wˆU ′−wˆ−1 and K = (U ′−)1 ∩ wˆ−1U−wˆ. By Lemma 2.3, we
then have an isomorphism
Σ˜wˆ := {(x, x
′, u, u′, k, ν) ∈ F (U)× F (U ′)× Uwˆ × U
′ ×K × wˆT ′ |
xF (u)F (ν)F (k)F (u′) = uνku′x′}−˜→Σw,
given by (x, x′, u, u′, k, ν) 7→ (x, x′, uνku′). This isomorphism is ompatible with
the TF × T ′F -ations, where TF × T ′F ats on Σ˜wˆ by
(a) (t, t′) : (x, x′, u, u′, k, ν) 7−→ (txt−1, t′x′t′−1, tut−1, t′u′t′−1, t′kt′−1, tνt′−1).
Hene we have Hjc (Σ˜wˆ)θ−1,θ′ 6= 0. By the substitution xF (u) 7→ x, x
′F (u′)−1 7→ x′,
the variety Σ˜wˆ is rewritten as
{(x, x′, u, u′, k, ν) ∈ F (U)× F (U ′)× Uwˆ × U
′ ×K × wˆT ′ |
xF (k)F (ν) = uνku′x′};
(b)
in these oordinates, the ation of TF × T ′F is still given by (a). Let
H = {(t, t′) ∈ T × T ′ | t′F (t′)−1 = F (wˆ)−1tF (t)−1F (wˆ)}
(a losed subgroup of T×T ′). It ats on the variety (b) by the same formula as in (a)
(we use Lemma 2.2 to show that T and T ′ entralize G1). By [2℄, 6.5, the indued
ation of H on Hjc (Σ˜wˆ) is trivial when restrited to the onneted omponent H
0
.
In partiular, the intersetion (TF × T ′F ) ∩ H0 ats trivially on Hjc (Σ˜wˆ). Sine
Hjc (Σ˜wˆ)θ−1,θ′ 6= 0, it follows that θ
−1
⊠ θ′ is trivial on (TF × T ′F ) ∩ H0. Let
g = F (wˆ)−1 and let n ≥ 1 be suh that g ∈ GF
n
. Then Ad(g) arries T F
n
onto
T ′F
n
and (by Lemma 2.4 with f = Ad(g)) it arries θ|T F ◦N
Fn
F to θ
′|T ′F ◦N
Fn
F . 
With the above lemma proved for eah Σw we an dedue a similar statement
for the whole variety Σ. This will be used later (in Prop. 3.2) to prove a result
whih is a generalization of Theorem 6.2 of Deligne and Lusztig [2℄.
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Lemma 2.6. Let θ ∈ T̂F , θ′ ∈ T̂ ′F be suh that
(a) Hjc (Σ)θ−1,θ′ 6= 0
for some j ∈ Z. Then there exists n ≥ 1 and g ∈ N(T ′, T )F
n
suh that Ad(g)
arries θ|T F ◦N
Fn
F ∈ T̂
Fn
to θ′|T ′F ◦N
Fn
F ∈ T̂
′Fn
.
Proof. It is well-known that the subvarietiesG1,w of G1 have the following property:
for some ordering ≤ of W (T1, T ′1), the unions
⋃
w′≤wG1,w′ are losed in G1. It
follows that the unions
⋃
w′≤wGw′ are losed in G, and the unions
⋃
w′≤w Σw′
are losed in Σ. The spetral sequene assoiated to the ltration of Σ by these
unions, together with (a), shows that there exists w ∈ W (T1, T ′1) and j
′ ∈ Z suh
that Hj
′
c (Σw)θ−1,θ′ 6= 0. We an therefore apply Lemma 2.5 to get an element
g = F (wˆ)−1 ∈ N(T ′, T )F
n
, for some n ≥ 1, satisfying the onlusion. 
For eah root α ∈ Φ(G,T) we have a unique oroot αˇ ∈ HomA-gr((Gm)A,T).
Let T
α
denote the image of αˇ in T, so that Tα is a 1-dimensional torus in T
(f. [13℄, XX 3). Keeping with our notational onventions, we let Uα = (FAUα)(k)
and Tα = (FATα)(k). We also write T α = (Tα)r−1 (a 1-dimensional subgroup of
T = T r−1, f. [7℄, 3).
Denition 2.7. Let χ ∈ T̂ F . We say that χ is regular if for any α ∈ Φ and any
n ≥ 1 suh that Fn(T α) = T α, the restrition of χ ◦NF
n
F : T
Fn → Ql
×
to (T α)F
n
is non-trivial. If θ ∈ T̂F , we say that θ is regular if θ|T F is regular.
Lemma 2.8. Let χ ∈ T̂ F , and suppose that there exists an n ≥ 1 suh that for
all α ∈ Φ, Fn(T α) = T α and the restrition of χ ◦NF
n
F to (T
α)F
n
is non-trivial.
Then χ is regular.
Proof. We rst show some properties of the norm map. Let T be a ommutative
algebrai group dened over Fq with Frobenius F . Let a and b be two positive
integers suh that b = ka, for some integer k. Then learly T F
a
⊆ T F
b
. We
extend the denition of the norm map by dening the map NF
b
Fa : T
F b → T F
a
,
x 7→ xF a(x)F 2a(x) · · ·F (k−1)a(x). We then have
NF
a
F N
F b
Fa (x) =
a−1∏
j=0
F j
(
k−1∏
i=0
F ia(x)
)
=
a−1∏
j=0
k−1∏
i=0
F j+ia(x) =
b−1∏
i=0
F i(x) = NF
b
F (x),
so NF
b
F = N
Fa
F ◦ N
F b
Fa . Now suppose that H is a losed onneted subgroup of T
whih is stable under F a and F b. The map NF
b
Fa restrits to a map N
F b
Fa : H
F b →
HF
a
, whih we laim is surjetive. Indeed, if x ∈ HF
a
, then by the Lang-Steinberg
theorem there exists some y ∈ H suh that y−1F b(y) = x. Now, F a(x) = x
implies that F a(y−1F b(y)) = y−1F b(y), and so F b(y−1F a(y)) = y−1F a(y). Thus
y−1F a(y) ∈ HF
b
, and NF
b
Fa (y
−1F a(y)) = y−1F b(y) = x.
Now let m be the minimal positive integer suh that Fm(T α) = T α, for all
α ∈ Φ. Write n = gm + h with integers g ≥ 1 and 0 ≤ h < m. Then Fn(T α) =
T α ∀α implies that Fh(T α) = T α ∀α , so the minimality of m fores h = 0. If
for some α we have χ ◦ NF
m
F ((T
α)F
m
) = 1, then NF
n
F = N
Fm
F ◦ N
Fn
Fm implies
NF
n
F ((T
α)F
n
) ⊆ NF
m
F ((T
α)F
m
), so χ ◦ NF
n
F ((T
α)F
n
) = 1, whih ontradits the
hypothesis. Thusm is suh that the restrition of χ◦NF
m
F to (T
α)F
m
is non-trivial,
for all α.
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Finally, suppose that m′ is an arbitrary positive integer suh that Fm
′
(T α) =
T α, for all α. Then as we have seen, m | m′. By the surjetivity and transitivity of
the norm map we get NF
m′
F ((T
α)F
m′
) = NF
m
F ◦N
Fm
′
Fm ((T
α)F
m′
) = NF
m
F ((T
α)F
m
).
Thus χ◦NF
m′
F ((T
α)F
m′
) = χ◦NF
m
F ((T
α)F
m
) 6= 1 for all α, and so χ is regular. 
As before, U is the unipotent radial of a Borel subgroup of G ontaining T.
Let V be the unipotent radial of another suh Borel subgroup, and let U
−
(resp.
V
−
) be the unipotent radial of a Borel subgroup of G ontaining T suh that
U ∩ U− = {1} (resp. V ∩ V− = {1}). The orresponding subgroups of G are
denoted by U,U−, V, V −, respetively. Let
Φ+ = {α ∈ Φ | Uα ⊆ V}, Φ
− = {α ∈ Φ | Uα ⊆ V
−},
be the positive, respetively negative, roots orresponding to the hoie of V and
V
−
. Then Φ = Φ+ ⊔ Φ− and Φ− = {−α | α ∈ Φ+}. For α ∈ Φ+ let ht(α) be
the largest integer n ≥ 1 suh that α = α1 + α2 + · · · + αn with αi ∈ Φ+. In the
following, for two elements x, y of a group, we shall write [x, y] = xyx−1y−1 for
their ommutator.
Lemma 2.9. Let x ∈ (Uα)
b
, and x′ ∈ (Uα′)
c
, where α, α′ ∈ Φ and 0 ≤ b, c ≤ r.
Then the following holds:
(a) If b + c ≥ r then xx′ = x′x.
(b) If b + c ≤ r and α 6= −α′, then
[x, x′] =
∏
i,i′≥1
iα+i′α′∈Φ
ui,i′ ,
where ui,i′ ∈ (Uiα+i′α′)b+c. (The fators in the produt are written in a
xed but arbitrary order.)
() If b + c ≥ r − 1, b + 2c ≥ r, and α = −α′, then [x, x′] = τx,x′u, where
τx,x′ ∈ T α and u ∈ (Uα)r−1 are uniquely determined.
Proof. Part (a) follows immediately from Lemma 2.2(a). Part (b) is Chevalley's
ommutator formula (f. [3℄, 3.3.4) applied to the various subgroups Uiα+i′α′(A)
of G(A). For eah α, hoose orresponding isomorphisms pα : (Ga)A → Uα
as in [13℄, XX 1.20. Funtorial properties then imply that pα(Ker(Ga(A) →
Ga(A/mj))) = Ker(Uα(A) → Uα(A/mj) ∼= (Uα)j , for any 0 ≤ j ≤ r (note
that we abuse notation sine pα is really a map of group funtors rather than
groups), and the formula follows. Finally, we prove (). Let x˜, x˜′ ∈ Ga(A) be
suh that pα(x˜) = x and p−α(x˜′) = x
′
. Then x˜ ∈ Ker(Ga(A) → Ga(A/mb)),
and x˜′ ∈ Ker(Ga(A) → Ga(A/m
c)), respetively; thus 1 + ax˜x˜′ ∈ Gm(A), for
any a ∈ Gm(A). The hypotheses b + c ≥ r − 1 and b + 2c ≥ r imply that
x˜x˜′ ∈ Ker(Ga(A) → Ga(A/mr−1)) and x˜x˜′2 = 0. By [13℄, XX 2.2 we have, for
some a ∈ Gm(A):
pα(x˜)p−α(x˜
′) = p−α(
x˜′
1 + ax˜x˜′
)αˇ(1 + ax˜x˜′)pα(
x˜
1 + ax˜x˜′
).
From this formula we get
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[x, x′] = pα(x˜)p−α(x˜
′)pα(−x˜)p−α(−x˜
′)
= p−α(
x˜′
1 + ax˜x˜′
)αˇ(1 + ax˜x˜′)pα(
x˜
1 + ax˜x˜′
)
p−α(
−x˜′
1 + ax˜x˜′
)αˇ(1 + ax˜x˜′)pα(
−x˜
1 + ax˜x˜′
)
= αˇ(1 + ax˜x˜′)2p−α((1 + ax˜x˜
′)4
x˜′
1 + ax˜x˜′
)pα((1 + ax˜x˜
′)2
x˜
1 + ax˜x˜′
)
p−α((1 + ax˜x˜
′)2
−x˜′
1 + ax˜x˜′
)pα(
−x˜
1 + ax˜x˜′
)
(using repeatedly the fats that ∀ t ∈ T(A), z ∈ Ga(A), α ∈ Φ, we have
tpα(z)t
−1 = pα(α(t)z), and ααˇ(z) = z
2
)
= αˇ(1 + ax˜x˜′)2p−α(x˜
′(1 + ax˜x˜′)3)pα(x˜(1 + ax˜x˜
′))
p−α(−x˜
′(1 + ax˜x˜′))pα(
−x˜
1 + ax˜x˜′
)
= αˇ(1 + ax˜x˜′)2p−α(x˜
′)pα(x˜(1 + ax˜x˜
′))p−α(−x˜
′)pα(
−x˜
1 + ax˜x˜′
)
(using x˜x˜′2 = 0)
= αˇ(1 + ax˜x˜′)2p−α(x˜
′)p−α(
−x˜′
1− ax˜′x˜(1 + x˜x˜′)
)
αˇ(1 − ax˜′x˜(1 + x˜x˜′))pα(
x˜(1 + x˜x˜′)
1− ax˜′x˜(1 + x˜x˜′)
)pα(
−x˜
1 + ax˜x˜′
)
= αˇ(1 + ax˜x˜′)2p−α(x˜
′)p−α(
−x˜′
1− ax˜x˜′
)
αˇ(1 − ax˜x˜′)pα(
x˜(1 + ax˜x˜′)
1− ax˜x˜′
)pα(
−x˜
1 + ax˜x˜′
)
= αˇ(1 + ax˜x˜′)2αˇ(1− ax˜x˜′)p−α(x˜
′(1− ax˜x˜′)2)p−α(
−x˜′
1− ax˜x˜′
(1− ax˜x˜′)2)
pα(
x˜(1 + ax˜x˜′)
1− ax˜x˜′
)pα(
−x˜
1 + ax˜x˜′
)
= αˇ((1 + ax˜x˜′)2(1− ax˜x˜′))p−α(0)pα(
x˜x˜′
1− ax˜x˜′
)
= αˇ(1 + ax˜x˜′)pα(
x˜x˜′
1− ax˜x˜′
).
Now
αˇ(1 + ax˜x˜′) ∈ Ker(Tα(A)→ Tα(A/mr−1)) ∼= T α
and
pα(
x˜x˜′
1− ax˜x˜′
) ∈ Ker(Uα(A)→ Uα(A/m
r−1)) ∼= (Uα)
r−1.
Using the anonial isomorphism G ∼= G(A), we onlude that for elements x ∈
(Uα)
b
, and x′ ∈ (U−α)c we have [x, x′] ∈ T α(Uα)r−1. Finally, beause of the semidi-
ret produt TU in G, the deomposition of [x, x′] as an element of T α(Uα)r−1 is
unique. 
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Lemma 2.10. We x an order on Φ+. For any z ∈ V , and β ∈ Φ+, dene
elements xzβ ∈ Uβ via the deomposition z =
∏
β∈Φ+ x
z
β (fators written using the
given order on Φ+). Let α ∈ Φ− and a be an integer suh that 1 ≤ a ≤ r − 1.
Suppose that z ∈ V a is an element suh that xzβ ∈ (Uβ)
a+1
, for all β ∈ Φ+ with
ht(β) > ht(−α). Then for any ξ ∈ (Uα)r−a−1, we have
[ξ, z] = τξ,zωξ,z, where τξ,z ∈ T
α
and ωξ,z ∈ (V
−)r−1.
Proof. We argue by indution on Nz = #{β ∈ Φ+ | xzβ 6= 1}. If Nz = 0 the result is
lear. Assume now that Nz = 1 so that z ∈ Uβ with β ∈ Φ+. If α = −β the result
follows from Lemma 2.9(). If α 6= −β and ht(β) > ht(−α), then z ∈ (Uα)a+1 and
ξz = zξ by Lemma 2.9(b). If α 6= −β and ht(β) ≤ ht(−α), then by Lemma 2.9(b)
we have [ξ, z] =
∏
i,i′≥1,iα+i′β∈Φ ui,i′ with ui,i′ ∈ (Uiα+i′β)
r−1
, and it is enough to
show that if i, i′ ≥ 1, we annot have iα+ i′β ∈ Φ+. Now if we had iα+ i′β ∈ Φ+
for some i, i′ ≥ 1, then general properties of root systems imply that α+ β ∈ Φ+,
and hene we would have ht(β) > ht(−α); ontradition.
Assume now that Nz ≥ 2, and that the assertion is true for all z′ suh that
Nz′ ≤ Nz. We an write z = z
′z′′ where z′, z′′ ∈ V a, Nz′ < Nz, Nz′′ < Nz. Using
the indution hypothesis, we have
ξz = ξz′z′′ = τξ,z′ωξ,z′z
′ξz′′ = τξ,z′ωξ,z′z
′τξ,z′′ωξ,z′′z
′′ξ,
where τξ,z′ ∈ T α and ωξ,z′ ∈ (V −)r−1. Sine a+r−1 ≥ r, we have z′τξ,z′′ = τξ,z′′z′
and z′ωξ,z′′ = ωξ,z′′z
′
, by Lemma 2.2. Hene
ξz = τξ,z′ωξ,z′z
′τξ,z′′ωξ,z′′z
′′ξ = τξ,z′ωξ,z′τξ,z′′ωξ,z′′z
′z′′ξ = τξ,z′τξ,z′′ωξ,z′ωξ,z′′zξ,
and so
[ξ, z] = τξ,zωξ,z,
where τξ,z = τξ,z′τξ,z′′ and ωξ,z = ωξ,z′ωξ,z′′ . 
Let Z = U− ∩V, Z = (FAZ)(k) = U− ∩ V , and Φ′ = {β ∈ Φ | Uβ ⊆ Z}. We
obviously have Φ′ ⊆ Φ+. Let X be the set of all subsets I ⊆ Φ′ suh that I 6= ∅
and ht : Φ+ → N is onstant on I.
To any z ∈ Z1−{1} we assoiate a pair (a, Iz) where a is an integer 1 ≤ a ≤ r−1,
and Iz ∈ X , as follows. We dene a by the ondition that z ∈ Za,∗. If xzβ ∈ Uβ
are dened as in Lemma 2.10 in terms of a xed order on Φ+, then xzβ ∈ (Uβ)
a
for
all β ∈ Φ′ and xzβ = 1 for all β ∈ Φ
+ − Φ′ (this is a onsequene of the formula
Za =
∏
β∈Φ′ U
a
β ). We dene the set Iz as
Iz = {α
′ ∈ Φ′ | xzα′ ∈ (Uα′)
a,∗
and xzβ ∈ (Uβ)
a+1 ∀β ∈ Φ+ s. t. ht(β) > ht(α′)}.
The denition of Iz does not depend on the hoie of order on Φ
+
. For any integer
1 ≤ a ≤ r−1 and I ∈ X , let Za,∗,I be the set of all z ∈ Z1−{1} suh that z ∈ Za,∗
and I = Iz. Thus we have a partition
(∗) Z1 − {1} =
⊔
1≤a≤r−1
I∈X
Za,∗,I .
UNRAMIFIED REPRESENTATIONS OF REDUCTIVE GROUPS OVER FINITE RINGS 14
3. The main results
Reall the denitions of the groups T, T ′, U, U ′, T , T ′ and the variety Σ, from
Setion 2. After having set up the general framework, we are now ready to give
results generalizing those in [12℄, with the strutures of the proofs remaining more
or less the same. All the ideas of the proofs in this setion are due to Lusztig. The
only thing that requires a omment here is the use of the elements wˆ. In [12℄, the
inlusion G1 ⊆ G (in our notation) allows one to view the elements of N(T1, T ′1) as
elements of N(T, T ′). However, in the general ase whih we onsider here there
is no suh inlusion, and instead we have to use lifts wˆ ∈ N(T, T ′) of the elements
w˙ ∈ N(T1, T
′
1). The following Theorem 3.1 does not depend on the hoie of lift wˆ
for eah w˙. This an be seen from the proof, beause we show that∑
j∈Z
(−1)j dimHjc (Σw)θ−1,θ′ =
∑
j∈Z
(−1)j dimHjc (Σˆwˆ)θ−1,θ′ ,
where Σˆwˆ is the variety dened below, wˆ is an arbitrary lift of w˙, and the latter
sum is equal to 1 if F (w) = w and Ad(wˆ) : T ′F → TF arries θ to θ′, and equals
0 otherwise. Thus, if wˆ′ is another lift of w˙, then
∑
j∈Z(−1)
j dimHjc (Σˆwˆ)θ−1,θ′ =∑
j∈Z(−1)
j dimHjc (Σˆwˆ′)θ−1,θ′, and so whenever F (w) = w, we see that Ad(wˆ) :
T ′F → TF arries θ to θ′ if and only if Ad(wˆ′) : T ′F → TF arries θ to θ′.
Theorem 3.1. Let θ ∈ T̂F and θ′ ∈ T̂ ′F . If r ≥ 2, assume that θ′ is regular. Then∑
j∈Z(−1)
j dimHjc (Σ)θ−1,θ′ is equal to the number of w ∈ W (T1, T
′
1)
F
suh that
Ad(wˆ) : T ′F → TF arries θ to θ′.
Proof. Using the partition Σ =
⊔
w Σw and the additivity of Lefshetz numbers
(f. [4℄ 10.7) we see that it is enough to prove that
∑
j∈Z(−1)
j dimHjc (Σw)θ−1,θ′
is equal to 1 if F (w) = w and Ad(wˆ) : T ′F → TF arries θ to θ′, and equals 0
otherwise. We now x w ∈W (T1, T ′1). We have
Σw = {(x, x
′, y) ∈ F (U)×F (U ′)×G | xF (y) = yx′, y ∈ UG1wˆT ′U ′ = UZ1wˆT ′U ′},
where Z1 = (U−)1 ∩ wˆ(U ′−)1wˆ−1 (the equality UG1wˆT ′U ′ = UZ1wˆT ′U ′ follows
from Lemma 2.3). Let
Σˆwˆ = {(x, x
′, u, u′, z, τ ′) ∈ F (U)× F (U ′)× U × U ′ × Z1 × T ′ |
xF (u)F (z)F (wˆ)F (τ ′)F (u′) = uzwˆτ ′u′x′}.
The map Σˆwˆ → Σw given by (x, x′, u, u′, z, τ ′) 7→ (x, x′, uzwˆτ ′u′) is a loally trivial
bration with all bres isomorphi to a xed ane spae. This map is ompatible
with the TF × T ′F -ations where TF × T ′F ats on Σˆwˆ by
(t, t′) : (x, x′, u, u′, z, τ ′)(a)
7−→ (txt−1, t′x′t′−1, tut−1, t′u′t′−1, tzt−1, wˆ−1twˆτ ′t′−1).
Hene, by [11℄, 1.9 it is enough to show that
∑
j∈Z(−1)
j dimHjc (Σˆwˆ)θ−1,θ′ is equal
to 1 if F (w) = w and Ad(wˆ) : T ′F → TF arries θ to θ′, and equals 0 otherwise.
By the hange of variables xF (u) 7→ x, x′F (u′)−1 7→ x′ we may rewrite Σˆwˆ as
Σˆwˆ = {(x, x
′, u, u′, z, τ ′) ∈ F (U)× F (U ′)× U × U ′ × Z1 × T ′ |
xF (z)F (wˆ)F (τ ′) = uzwˆτ ′u′x′},
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with the TF × T ′F -ation still given by (a). We have a partition Σˆwˆ = Σˆ′wˆ ⊔ Σˆ
′′
wˆ,
where
Σˆ′wˆ = {(x, x
′, u, u′, z, τ ′) ∈ F (U)× F (U ′)× U × U ′ × (Z1 − {1})× T ′ |
xF (z)F (wˆ)F (τ ′) = uzwˆτ ′u′x′},
Σˆ′′wˆ = {(x, x
′, u, u′, 1, τ ′) ∈ F (U)× F (U ′)× U × U ′ × {1} × T ′ |
xF (wˆ)F (τ ′) = uwˆτ ′u′x′},
are stable under the TF × T ′F -ation. It is then enough to show that∑
j∈Z
(−1)j dimHjc (Σˆ
′′
wˆ)θ−1,θ′ is equal to 1 if F (w) = w(b)
and Ad(wˆ) : T ′F → TF arries θ to θ′, and equals 0 otherwise.
Hjc (Σˆ
′
wˆ)θ−1,θ′ = 0, for all j.()
We rst prove (). For r = 1 we have Σˆ′wˆ = ∅, so in this ase () is lear. Suppose
now that r ≥ 2. IfM is a T ′F -module we shall writeM(χ) for the subspae ofM on
whih T ′F ats aording to χ, that is,M(χ) = {m ∈M | t
′m = χ(t′)m, ∀t′ ∈ T ′F }.
Now T ′F ats on Σˆ′wˆ by
t′ : (x, x′, u, u′, z, τ ′) 7−→ (x, t′x′t′−1, u, t′u′t′−1, z, τ ′t′−1).
Hene Hjc (Σˆ
′
wˆ) beomes a T
′F
-module. Sine Hjc (Σˆ
′
wˆ) =
⊕
χH
j
c (Σˆ
′
wˆ)(χ), it is
enough to show that Hjc (Σˆ
′
wˆ)(χ) = 0. We shall use the denitions and results
in Lemmas 2.9, 2.10, and the partition (∗) in the end of Setion 2, relative to
U,U−, V, V −, where we take U,U− as above, and V = wˆ(U ′)−wˆ−1, V − = wˆU ′wˆ−1.
The partition (∗) gives rise to a partition
Σˆ′wˆ =
⊔
1≤a≤r−1
I∈X
Σˆa,Iwˆ , where Σˆ
a,I
wˆ = {(x, x
′, u, u′, z, τ ′) ∈ Σˆ′wˆ | z ∈ Z
a,∗,I}.
It is easy to see that there is a total order on the set of indies (a, I) suh that the
union of the Σˆa,Iwˆ for (a, I) less than or equal to some given (a
0, I0), is losed in
Σˆ′wˆ. Sine the subsets Σˆ
a,I
wˆ are stable under the ation of T
′F
, we see that in order
to prove (), it is enough to show that
(d) Hjc (Σˆ
a,I
wˆ )(χ) = 0, for any xed (a, I).
We hoose α′ ∈ I, and let α = −α′. Then Uα ⊆ U ∩ V − = U ∩ wˆU ′wˆ−1.
For any z ∈ Za,∗ and ξ ∈ (Uα)r−a−1 we have
[ξ, z] = τξ,zωξ,z,
where τξ,z ∈ T α and ωξ,z ∈ wˆ(U ′)r−1wˆ−1 are uniquely determined (f. Lemma 2.10).
Moreover, the map (Uα)
r−a−1 → T α, ξ 7→ τξ,z fators through an isomorphism
λz : (Uα)
r−a−1/(Uα)
r−a −˜→T α.
Let π : (Uα)
r−a−1 → (Uα)r−a−1/(Uα)r−a be the anonial homomorphism. Sine
Uα is an ane spae, there exists a morphism of algebrai varieties
ψ : (Uα)
r−a−1/(Uα)
r−a −→ (Uα)
r−a−1
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suh that π ◦ ψ = Id and ψ(1) = 1. Let
H′ = {t′ ∈ T ′ | t′−1F (t′) ∈ wˆ−1T αwˆ}.
This is a losed subgroup of T ′. For any t′ ∈ H′ we dene ft′ : Σˆ
a,I
wˆ → Σˆ
a,I
wˆ by
ft′(x, x
′, u, u′, z, τ ′) = (xF (ξ), xˆ′, u, F (t′)−1u′F (t′), z, τ ′F (t′)),
where
ξ = (ψλ−1
z−1
(wˆF (t′)−1t′wˆ−1))−1 ∈ (Uα)
r−a−1 ⊆ U ∩ wˆU ′wˆ−1,
and xˆ′ ∈ G is determined by the ondition that denes the variety Σˆa,Iwˆ , that is,
xF (ξ)F (z)F (wˆ)F (τ ′F (t′)) = uzwˆτ ′F (t′)F (t′)−1u′F (t′)xˆ′.
In order for this to be well-dened we must hek that xˆ′ ∈ F (U ′). Thus we must
show that
xF (ξ)F (z)F (wˆ)F (τ ′F (t′)) ∈ uzwˆτ ′u′F (t′)F (U ′).
By Lemma 2.10 we have
ξz = (z−1ξ−1)−1 = (ω−1
ξ−1,z−1
τ−1
ξ−1,z−1
ξ−1z−1)−1 = zξτξ−1,z−1ωξ−1,z−1 .
Thus the above ondition is equivalent to
xF (z)F (ξ)F (τξ−1,z−1)F (ωξ−1,z−1)F (wˆ)F (τ
′F (t′)) ∈ uzwˆτ ′u′F (t′)F (U ′).
Sine xF (z) = uzwˆτ ′u′x′F (τ ′)−1F (wˆ)−1, it is enough to show that
uzwˆτ ′u′x′F (τ ′)−1F (wˆ)−1F (ξ)F (τξ−1,z−1)F (ωξ−1,z−1)F (wˆ)F (τ
′F (t′))
∈ uzwˆτ ′u′F (t′)F (U ′),
or that
x′F (τ ′)−1F (wˆ)−1F (ξ)F (τξ−1,z−1)F (ωξ−1,z−1)F (wˆ)F (τ
′F (t′)) ∈ F (t′)F (U ′).
Sine x′ ∈ F (U ′) and F (wˆ)−1F (ωξ−1,z−1)F (wˆ) ∈ F (U
′), it is enough to hek that
F (τ ′)−1F (wˆ)−1F (ξ)F (τξ−1,z−1)F (wˆ)F (τ
′F (t′)) ∈ F (t′)F (U ′).
Sine F (wˆ−1)F (ξ)F (wˆ) ∈ F (U ′) it is enough to hek that
F (τ ′)−1F (wˆ)−1F (τξ−1,z−1)F (wˆ)F (τ
′F (t′)) ∈ F (t′)F (U ′),
or that
F (wˆ)−1F (τξ−1,z−1)F (wˆ)F (F (t
′)) ∈ F (t′)F (τ ′)F (U ′)F (τ ′)−1 = F (t′)F (U ′),
whih is equivalent to
F (wˆ)−1F (τξ−1,z−1)F (wˆ)F (F (t
′)) = F (t′),
that is, wˆ−1τξ−1,z−1wˆ = F (t
′)−1t′, or λz−1(π(ξ
−1)) = τξ−1,z−1 , whih holds beause
of the denitions of the element ξ and the map λz−1 .
Thus, ft′ : Σˆ
a,I
wˆ → Σˆ
a,I
wˆ is well-dened and has an obvious inverse, so is learly an
isomorphism for any t′ ∈ H′. Note however that this does not dene an ation of the
group H′ on Σˆa,Iwˆ , sine ft′1t′2 6= ft′1 ◦ ft′2 in general. Nevertheless, ft′ is in partiular
a well-dened isomorphism for any t′ ∈ H′0, where H′0 is the onneted omponent
of H′, and by general priniples (f. the proof of Prop. 6.4 in [2℄), the indued map
f∗t′ : H
j
c (Σˆ
a,I
wˆ ) → H
j
c (Σˆ
a,I
wˆ ) is onstant when t
′
varies in H′0. In partiular, it is
onstant when t′ varies in T ′ ∩ H′0. Now T ′F ⊆ H′ and for t′ ∈ T ′F , the map ft′
oinides with the ation of t′−1 in the T ′F -ation on Σˆa,Iwˆ (we use that ψ(1) = 1).
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We see that the indued ation of T ′F on Hjc (Σˆ
a,I
wˆ ) is trivial when restrited to
T ′ ∩H′0.
Now let n ≥ 1 be an integer suh that Fn(wˆ−1T αwˆ) = wˆ−1T αwˆ. Then
t′ 7−→ t′F (t′)F 2(t′) · · ·Fn−1(t′)
is a well-dened morphism wˆ−1T αwˆ → H′. Its image is a onneted subgroup
of H′, hene ontained in H′0. If t′ ∈ (wˆ−1T αwˆ)F
n
, then NF
n
F (t
′) ∈ T ′F ; thus
NF
n
F (t
′) ∈ T ′F ∩ H′0. We see that the ation of NF
n
F (t
′) ∈ T ′F on Hjc (Σˆ
a,I
wˆ ) is
trivial for any t′ ∈ (wˆ−1T αwˆ)F
n
.
If we assume that Hjc (Σˆ
a,I
wˆ )(χ) 6= 0, it follows that t
′ 7→ χ(NF
n
F (t
′)) is the trivial
harater of (wˆ−1T αwˆ)F
n
. This ontradits our assumption that χ is regular. Thus
(d) holds, and hene () holds.
We now prove (b). Let
H˜ = {(t, t′) ∈ T × T ′ | tF (t)−1 = F (wˆ)t′F (t′)−1F (wˆ)−1}.
This is a losed subgroup of T×T ′ ontaining TF×T ′F . Now the ation of TF×T ′F
on Σˆ′′wˆ extends to an ation of H˜ given by the same formula. To see this, onsider
(t, t′) ∈ H˜ and (x, x′, u, u′, 1, τ ′) ∈ Σˆ′′wˆ. We must show that
(txt−1, t′x′t′−1, tut−1, t′u′t′−1, 1, wˆ−1twˆτ ′t′−1) ∈ Σˆ′′wˆ,
that is,
txt−1F (wˆ)F (wˆ−1)F (t)F (wˆ)F (τ ′)F (t′−1) = tut−1wˆwˆ−1twˆτ ′t′u′t′−1t′x′t′−1,
or that
xt−1F (t)F (wˆ)F (τ ′)F (t′−1) = uwˆτ ′u′x′t′−1,
or that
xt−1F (t)F (wˆ)F (τ ′)F (t′−1) = xF (wˆ)F (τ ′)t′−1,
or that t−1F (t)F (wˆ)F (t′−1) = F (wˆ)t′−1, whih is lear. Let T∗ (resp. T
′
∗) be
the redutive part of T (resp. T ′) (thus T∗ is a torus isomorphi to T ). Let
H˜∗ = H˜ ∩ (T∗ × T ′∗). Then H˜
0
∗ is a torus ating on Σˆ
′′
wˆ by restrition of the H˜-
ation. The xed point set (Σˆ′′wˆ)
H˜0
∗
is stable under the ation of TF × T ′F , and by
[4℄, 4.5 (ompare 11.2) and 10.15 we have∑
j∈Z
(−1)j dimHjc (Σˆ
′′
wˆ)θ−1,θ′
= |TF × T ′F |−1
∑
(t,t′)∈TF×T ′F
L((t, t′), Σˆ′′wˆ)θ(t)θ
′(t′)−1
= |TF × T ′F |−1
∑
(t,t′)∈TF×T ′F
L((t, t′), (Σˆ′′wˆ)
H˜0
∗ )θ(t)θ′(t′)−1
=
∑
j∈Z
(−1)j dimHjc ((Σˆ
′′
wˆ)
H˜0
∗ )θ−1,θ′.
It is then enough to show that∑
j∈Z
(−1)j dimHjc ((Σˆ
′′
wˆ)
H˜0
∗ )θ−1,θ′ is equal to 1 if F (w) = w(e)
and Ad(wˆ) : T ′F → TF arries θ to θ′, and equals 0 otherwise.
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Let (x, x′, u, u′, 1, τ ′) ∈ (Σˆ′′wˆ)
H˜0
∗
. By the Lang-Steinberg theorem the rst projetion
H˜∗ → T∗ is surjetive. It follows that the rst projetion H˜0∗ → T∗ is surjetive.
Similarly the seond projetion H˜0∗ → T
′
∗. Hene for any t ∈ T∗, t
′ ∈ T∗ we have
txt−1 = x, t′x′t′−1 = x′, tut−1 = u, t′u′t′−1 = u′,
and hene x = x′ = u = u′ = 1. Thus (Σˆ′′wˆ)
H˜0
∗
is ontained in
(f) {(1, 1, 1, 1, 1, τ ′) | τ ′ ∈ T ′, F (wˆτ ′) = wˆτ ′}.
The set (f) is learly ontained in the xed point set of H˜ . Note that (f) is
empty unless F (w) = w, by Bruhat deomposition in G1. If (f) is empty, then∑
j∈Z(−1)
j dimHjc ((Σˆ
′′
wˆ)
H˜0
∗ )θ−1,θ′ = 0. We an therefore assume that F (w) = w.
Now (f) is stable under the ation of H˜ . Indeed, if τ ′ ∈ T ′ is suh that F (wˆτ ′) = wˆτ ′
and (t, t′) ∈ H˜ , then
F (wˆwˆ−1twˆτ ′t′−) = F (wˆ)F (t′)t′−1F (wˆ)−1tF (wˆ)F (τ ′)F (t′−1)
= tF (wˆ)F (t′)t′−1F (τ ′)F (t′−1) = tF (wˆ)F (τ ′)t′−1 = wˆwˆ−1twˆτ ′t′−1.
Thus in partiular, (f) is stable under H˜0∗ . Sine (f) is a nite set and H˜
0
∗ is
onneted, we see that H˜0∗ must at trivially on (f). Thus, (f) is exatly the xed
point set of H˜0∗ , and hene (Σˆ
′′
wˆ)
H˜0
∗ ∼= (wˆT ′)F . Sine
#((Σˆ′′wˆ)
H˜0
∗ )(t,t
′) = #{wˆτ ′ ∈ (wˆT ′)F | wˆ−1twˆτ ′t′−1 = τ ′}
= #{wˆτ ′ ∈ (wˆT ′)F | wˆ−1twˆ = t′} =
{
|(wˆT ′)F | = |T ′F | if wˆ−1twˆ = t′,
0 otherwise,
it follows from fats quoted above together with [11℄, 1.10 that∑
j∈Z
(−1)j dimHjc ((Σˆ
′′
wˆ)
H˜0
∗ )θ−1,θ′
= |TF × T ′F |−1
∑
(t,t′)∈TF×T ′F
L((t, t′), (Σˆ′′wˆ)
H˜0
∗ )θ(t)θ′(t′)−1
= |TF × T ′F |−1
∑
t∈TF
|T ′F |θ(t)θ′(wˆ−1twˆ)−1
= 〈θ, wˆ
−1
θ′〉TF =
{
1 if wˆθ = θ′,
0 otherwise.
Thus we have established (e), and so the theorem is proved. 
We nish by giving some important onsequenes of the preeding results. Let
R(GF ) be the group of virtual representations of GF over Ql. Let 〈·, ·〉 be the
standard inner produt R(GF )×R(GF )→ Z. Let
ST,U = {g ∈ G | g
−1F (g) ∈ F (U)}.
The nite group GF × TF ats on ST,U by (g1, t) : g 7→ g1gt−1. For any i ∈ Z
we have an indued ation of GF × TF on Hic(ST,U ). For θ ∈ T̂
F
we denote by
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Hic(ST,U )θ the subspae of H
i
c(ST,U ) on whih T
F
ats aording to θ. This is a
GF -submodule of Hic(ST,U ). Let
RθT,U =
∑
i∈Z
(−1)iHic(ST,U )θ ∈ R(G
F ).
Proposition 3.2. Let notation be as before. Then the following holds:
(a) Assume that there exists integers i and i' and an irreduible GF -module that
appears in the GF -module (Hic(ST,U )θ−1)
∗
(dual of Hic(ST,U )θ−1) and in the
GF -module Hi
′
c (ST ′,U ′)θ′ . Then there exists n ≥ 1 and g ∈ N(T
′, T )F
n
suh
that Ad(g) arries θ ◦NF
n
F |T Fn ∈ T̂
Fn
to θ′ ◦NF
n
F |T ′Fn ∈ T̂
′Fn
.
(b) Assume that there exists an irreduible GF -module that appears in the vir-
tual GF -module RθT,U and in the virtual G
F
-module Rθ
′
T ′,U ′ . Then there ex-
ists n ≥ 1 and g ∈ N(T, T ′)F
n
suh that Ad(g) arries θ ◦NF
n
F |T Fn ∈ T̂
Fn
to θ′ ◦NF
n
F |T ′Fn ∈ T̂
′Fn
.
Proof. We prove (a). Consider the free GF -ation on ST,U × ST ′,U ′ given by g1 :
(g, g′) 7→ (g1g, g1g′). The map
(g, g′) 7−→ (x, x′, y), x = g−1F (g), x′ = g′−1F (g′), y = g−1g′
denes an isomorphism from GF \(ST,U × ST ′,U ′) to Σ (the fat that it is an iso-
morphism and not merely a bijetive homomorphism is proved in [1℄, p. 221-222
in the situation where r = 1; the same argument works in general). The ation of
TF × T ′F on ST,U × ST ′,U ′ given by right multipliation by t
−1
on the rst fator
and by t′−1 on the seond fator, beomes an ation of TF × T ′F on Σ given by
(x, x′, y) 7→ (txt−1, t′x′t′−1, tyt′−1). Our assumption implies that the GF -module
Hic(ST,U )θ−1 ⊗H
i′
c (ST ′,U ′)θ′ ontains the trivial representation with non-zero mul-
tipliity, that is, (Hic(ST,U )θ−1 ⊗H
i′
c (ST ′,U ′)θ′)
GF 6= 0. By [4℄, 10.9 and 10.10(i) we
have an inlusion
(Hic(ST,U )θ−1 ⊗H
i′
c (ST ′,U ′)θ′)
GF −֒→ Hi+i
′
c (G
F \(ST,U × ST ′,U ′))θ−1,θ′ ,
and so Hi+i
′
c (G
F \(ST,U × ST ′,U ′))θ−1,θ′ 6= 0. By the above isomorphism we thus
have Hi+ic (Σ)θ−1,θ′ 6= 0. We now use Lemma 2.6 and (a) follows.
We prove (b). By [4℄, 11.4 we have∑
i
(−1)i(Hic(ST,U )θ−1)
∗ =
∑
i
(−1)iHic(ST,U )θ.
Hene the assumption of (b) implies that the assumption of (a) holds. Hene the
onlusion of (a) holds. The proposition is proved. 
Proposition 3.3. Assume that θ or θ′ is regular (see Denition 2.7). Then
〈RθT,U , R
θ′
T ′,U ′〉 = #{w ∈W (T1, T
′
1)
F | wˆθ = θ′}.
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Proof. We may assume that θ′ is regular. We have
〈RθT,U , R
θ′
T ′,U ′〉
=
∑
i,i′∈Z
(−1)i+i
′
dim(Hic(ST,U )θ−1 ⊗H
i′
c (ST ′,U ′)θ′)
GF
=
∑
j∈Z
(−1)j dimHjc (G
F \(ST,U × ST ′,U ′))θ−1,θ′
=
∑
j∈Z
(−1)j dimHjc (Σ)θ−1,θ′.
It remains to use Theorem 3.1. 
Corollary 3.4. Assume that θ ∈ T̂F is regular. Then
(a) RθT,U is independent of the hoie of U .
(b) Assume in addition that the there is no non-trivial element w ∈ W (T1)F
suh that wˆ xes θ. Then ±RθT,U is an irreduible G
F
-module.
Proof. We prove (a). Let V be the subgroup of G assoiated with the unipotent
radial V of another Borel subgroup of G ontaining T. By Prop. 3.3 we have
〈RθT,U , R
θ
T,U 〉 = 〈R
θ
T,U , R
θ
T,U ′〉 = 〈R
θ
T,U ′ , R
θ
T,U 〉 = 〈R
θ
T,U ′ , R
θ
T,U ′〉.
Hene 〈RθT,U − R
θ
T,U ′ , R
θ
T,U − R
θ
T,U ′〉 = 0, and so R
θ
T,U = R
θ
T,U ′ . This proves (a).
In the setup of (b), we see from Prop. 3.3 that 〈RθT,U , R
θ
T,U 〉 = 1, whih proves
(b). 
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